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omplex s
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igno,1, z and Fernando Mart��n4, x1Lawren
e Berkeley National Laboratory, Computing S
ien
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ien
e, University of California, Davis, California 956163Department of Chemistry, University of California, Berkeley, California 947204Departamento de Qu��mi
a C-9, Universidad Aut�onoma de Madrid, 28049 Madrid, Spain.Cal
ulations of absolute triple di�erential and single di�erential 
ross se
tions for helium doublephotoionization are performed using an implementation of exterior 
omplex s
aling in B-splines.Results for 
ross se
tions, well-
onverged in partial waves, are presented and 
ompared with bothexperiment and earlier theoreti
al 
al
ulations. These 
al
ulations establish the pra
ti
ality ande�e
tiveness of the 
omplex B-spline approa
h to 
al
ulations of double ionization of atomi
 andmole
ular systems.PACS numbers: 32.80.Fb,34.10.+xI. INTRODUCTIONThe problem of double photoionization of helium is offundamental interest be
ause it provides the model formu
h of the basi
 physi
s for double photoionization ofatoms and mole
ules in general. For that reason it hasbeen the subje
t of extensive study by experimental [1{7℄and theoreti
al methods.For theoreti
al 
al
ulations the 
hallenge is to 
or-re
tly treat the boundary 
onditions for the breakup ofa system of three 
harged parti
les. That problem hasbeen re
ognized as both a formal and pra
ti
al diÆ
ultysin
e the 1960s [8{10℄ and has been treated by a num-ber of methods over the last de
ade with varying de-grees of formal rigor and numeri
al a

ura
y. For exam-ple, an ansatz wave fun
tion with an expli
it three-bodyasymptoti
 form was used in the three Coulomb wave(3C) approa
h [11{13℄, while Shakeshaft and 
oworkersmade use of an assumed �nal state of s
reened Coulombwaves [14, 15℄ in a similar ansatz approa
h. The �rstnumeri
al solutions of the S
hr�odinger equation for thisproblem were perfomed using the 
onvergent 
lose 
ou-pling [16{19℄ approa
h in whi
h two-body boundary 
on-ditions are used in 
lose-
oupling 
al
ulations and three-body breakup amplitudes are 
onstru
ted from two-bodydis
rete 
hannel amplitudes. More re
ently Selles et al.[20℄ developed a method in whi
h semi
lassi
al outgoingwaves were 
ombined with the hyperspheri
al R-matrixmethod to impose outgoing three-body boundary 
ondi-tions in 
al
ulations of 
onsiderable a

ura
y. Anothersu

essful approa
h is the time-dependent 
lose 
ouplingmethod whi
h applies the 
orre
t boundary 
onditionsimpli
itly by time propagation of the initial state [21, 22℄in a method that produ
es a

urate results for this and�
wm
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other Coulomb breakup problems. Finally, in a devel-opment related in both spirit and formalism to the onedis
ussed here, the need to expli
itly impose three-bodyasymptoti
 boundary 
onditions was 
ir
umvented using
omplex Sturmian basis fun
tions in a mathemati
allyelegant method developed by Pont and Shakeshaft [23℄.A re
ent and parti
ularly su

essful approa
h to theproblem of imposing the 
orre
t three-body breakupboundary 
onditions is the method of exterior 
omplexs
aling (ECS) whi
h has now been applied to a range ofproblems, and has provided a formally and pra
ti
ally
omplete solution for the three-body Coulomb breakupproblem. The ECS approa
h has been implemented us-ing �nite elements [24, 25℄, �nite di�eren
e [26℄, and witha 
ombination of �nite elements and the dis
rete vari-able representation (DVR) [27, 28℄. It has produ
ed es-sentially exa
t results for ele
tron-impa
t ionization ofhydrogen [29, 30℄, and has been implemented with pseu-dospe
tral methods [31, 32℄ to treat multiphoton deta
h-ment in the 
ontext of Floquet theory for atoms in intense�elds. ECS has also been applied dire
tly to wave pa
ketpropagation in the time-dependent S
hr�odinger equationwith external �elds [33℄.In this paper we explore this problem with a re
entlydeveloped implementation in B-splines [34℄. The B-splinemethod has been applied to atomi
 [35, 36℄ and mole
ular[37, 38℄ photoionization problems and there now exists awell developed te
hnology for su
h 
al
ulations [39{41℄.An important property of B-splines is that they are ableto span a large volume to any degree of a

ura
y withouten
ountering the numeri
al problems that prevent theuse of exponentially de
reasing basis fun
tions. This is
ru
ial for the des
ription of 
ontinuum states, espe
iallywhen the asymptoti
 region is needed. In addition, B-spline basis sets are e�e
tively 
omplete, whi
h is an idealproperty in those problems where the entire spe
trum isneeded [39℄. The double ionization 
ontinuum lies in this
athegory.Our goal is to 
ompare the ECS-B-spline approa
h tothe problem of double photoionization with experiment



2and the results of other theoreti
al methods, to establishits a

ura
y and e�e
tiveness. The results in the presentstudy lay the groundwork for the appli
ation of the ECSB-spline method to double photoionization of mole
ules.II. THE IMPLEMENTATION OF EXTERIORCOMPLEX SCALING USING B-SPLINESThe details of this implementation have been dis
ussedat length elsewhere [34℄, but we will provide a brief sum-mary of the essential points here.The ECS transformation that underlies this approa
hs
ales the 
oordinates only outside a �xed radius,r ! (r r � R0R0 + (r �R0)ei� r > R0 (1)where R0 de�nes the radius within whi
h the wave fun
-tion will be the usual fun
tion of real-valued 
oordinates,and � is a s
aling angle. In an exa
t or 
onverged 
al
ula-tion the solutions of the S
hr�odinger equation for r < R0do not depend on �. However as has been dis
ussed else-where [28, 29, 42℄ setting � 6= 0 e�e
tively imposes out-going s
attering boundary 
onditions on the two-ele
tron�nal state of our problem. B-splines that s
ale a

ordingto this ECS transformation are de�ned by setting a seriesof knots ti � ti+1 on the 
omplex 
ontour and by usingthe usual re
ursion relation [43℄ for B-splines of order k,Bki (r) = r � titi+k�1 � tiBk�1i (r) + ti+k � rti+k � ti+1Bk�1i+1 (r) (2)together with the de�nition of B-splines of order k = 1B1i (r) = (1 for ti � r < ti+10 otherwise (3)A basis of B-splines is de�ned by a grid of breakpoints,�i, 
oin
iding with the knots, ti (whi
h may be multiple),that appear in the re
ursion relation above. The break-points 
an be pla
ed arbitrarily on this 
ontour but oneof them and its 
orresponding knot must be pla
ed atti = R0. In this way, Bki has a dis
ontinuous �rst deriva-tive with respe
t to r at r = R0, be
ause the derivative ofthe 
ontour itself is dis
ontinuous at that point. The dis-
ontinuity in the �rst derivative of all the B-splines thatspan the point R0 is essential to reprodu
e that of theexa
t wave fun
tion. Figure 1 shows a typi
al B-splinebasis of order k = 8 and the dis
ontinuities of the �rstderivatives at r = R0. Only B-splines that straddle thepoint R0 have both real and imaginary 
omponents. Allother B-splines are real, whether they are on the 
omplexpart of the 
ontour or not.With the above de�nitions, all one- ele
tron matrixelements are redu
ed to sums of 
omplex integrals be-tween breakpoints. In ea
h interval, the integrals areperformed using a Gauss- Legendre quadrature. Only
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FIG. 1: 8th order B-splines on the 
omplex exterior s
aling
ontour with R0 = 50 and � = 400. Heavy bla
k lines arethe real parts of the only 
omplex splines. Grey lines are theimaginary parts.those integrals involving B-splines that are both di�er-ent from zero need to be evaluated. The two-ele
tronintegrals are performed by 
arrying out a multipole ex-pansion of interele
tron repulsion, 1=jr1 � r2j. The an-gular portions of the two-ele
tron matrix elements areevaluated analyti
ally, while the radial portions are besthandled by mapping the problem to an equivalent one in-volving the solution of Poisson's equation in an exterior
omplex-s
aled B-spline basis. We refer the interestedreader to ref. [34℄ for details.III. THE AMPLITUDE AND CROSS SECTIONSFOR SINGLE PHOTON DOUBLE IONIZATIONOF AN ATOMThe double photoionization amplitude is asso
iatedwith the purely outgoing wave fun
tion 	+s
 that is thesolution of the driven S
hr�odinger equation, whi
h we
an write for example in the \velo
ity form",(E0 + ! �H)j	+s
i =� � (r1 +r2) j	0i=� ddz1 + ddz2� j	0i (4)where � is the polarization unit ve
tor, and j	0i is theinitial (bound) state of the atom.The asymptoti
 form of the solution of this equation
an be written in analogy with Rudge's formal analysisof the ele
tron-impa
t ionization problem [10℄,	+s
 ! �i1=2�K3�5 �1=2 F (r̂1; r̂2; �)eiK�+i �K ln(2K�) (5)where F is proportional to the ionization amplitude, thehyperradius, hyperangle and magnitude of the total mo-



3mentum are � =qr21 + r22� = tan�1(r2=r1)K =qk21 + k22 (6)and where the angle dependent 
oeÆ
ient of the loga-rithmi
 phase is�(r̂1; r̂2; �)=� = 2=r1 + 2=r2 � 1=r12 (7)With the ECS method, the most e�e
tive approa
h forproblems with two parti
les in the 
ontinuum is to writethe amplitude as a surfa
e integral performed on a surfa
ejust within the volume en
losed by the exterior s
alingradius, R0 [28, 44℄. To that end we want to formulatethe amplitude for this pro
ess as an integral of the formf(k1;k2) =D�(�)Z1 (k1; r1)�(�)Z2 (k2; r2)jE � T � V1j	+s
E (8)where E is the total energy, T is the two-ele
tron kineti
energy operator, V1 is the sum of all one-ele
tron poten-tials, V1 = �Z1=r1 � Z2=r2 (9)The �(�)Zi (k; r) are Coulomb fun
tions normalized to adelta fun
tion in momentum and with e�e
tive 
hargesZi that will be de�ned later.To relate the integral in Eq.(8) to the amplitude F , we
an pro
eed to do the integral by stationary phase exa
tlyas in Rudge's analysis [10℄. His Eq. 2.52 is the result weseek, ex
ept for an overall fa
tor of (2�)3, whi
h arisesbe
ause our Coulomb fun
tions are momentum normal-ized, and with a volume dependent overall phase whi
harises be
ause we have not enfor
ed the so-
alled "Pe-terkop 
ondition" [8℄ on their e�e
tive 
harges.So with Rudge's Eq. 2.52 we haveF (k1;k2; �) = �(2�)1=2�(k1;k2; �)f(k1;k2) (10)with �(k1;k2; �), being the usual (and irrelevant) volumedependent overall phase:�(k1;k2; �) =e�2iZ2 ln(k2=K)=k2e�2iZ1 ln(k1=K)=k1ei[�(k̂1;k̂2;�)=K�Z1=k1�Z2=k2℄ ln(2K�) (11)The � fun
tion is, as de�ned by Rudge,�(k̂1; k̂2; �)=K = 1k1 + 1k2 � 1jk1 � k2j (12)and the hyperangle �, de�ned by � = tan�1(k2=k1),parametrizes the asymptoti
 momentum distribution ofthe photoeje
ted ele
trons. The original idea of the

\Peterkop 
ondition" was to make this overall volume-dependent phase disappear by 
hoosing Z1 and Z2 tosatisfy Z1k1 + Z2k2 = 1k1 + 1k2 � 1jk1 � k2j ; (13)whi
h 
an
els the last exponent in Eq. (11). However the
ross se
tion for double photoionization does not dependin any way on this overall phase [45℄.The triple di�erential 
ross se
tion (TDCS) for dou-ble photoionization is dire
tly related to the amplitudef(k1;k2) by: d3�dE1d
1d
2 = 4�2!
 k1k2 jf(k1;k2)j2 (14)This result is the same as the one employed by Shakeshaftand 
oworkers [14, 15℄. It is also 
onsistent with the 
uxformulation of the problem of Selles et al. [20℄ who de�nethe TDCS in terms of the outgoing 
ux asso
iated withthe solution of Eq.(4):d3�dE1d
1d
2 = 2�
! sin(2�)4E �5 lim�!1 F�(	+s
) (15)= 2�!
k1k2 jF (k1;k2; �)j2 (16)where k1 = K 
os(�) and k2 = K sin(�) are the mo-menta of the outgoing ele
trons and the radial 
ux, F�,is de�ned byF�(	+s
) = 12i �	+�s
 ���	+s
 �	+s
 ���	+�s
 � (17)Given the analysis of M
Curdy, Horner and Res
igno[28℄, and the more 
omplete analysis for ele
tron impa
tionization of hydrogen by Baerts
hy et al. [30℄, we knowthat we 
an evaluate the amplitude f(k1;k2) by 
al
u-lating the integral of eq. (8) on a �nite volume, given thesolution for 	+s
 from an ECS B-spline 
al
ulation, if we
hose the e�e
tive 
harges to both be equal to the nu
lear
harge. Z1 = Z2 = 2 (18)With that 
hoi
e the orthogonality properties of theCoulomb fun
tions eliminate the 
ontributions from thedis
rete single ionization 
hannels, as has been dis
ussedpreviously [28, 44℄, allowing for the use of values of theexterior s
aling radius, R0 that are of the order of a few10's of Bohr radii for this problem.There is an overall volume-dependent phase asso
iatedwith this integral that has no physi
al 
onsequen
es for
al
ulations of the 
ross se
tions for this pro
ess. More-over it has been shown that if for some reason it wereinteresting to do so, it 
an be 
al
ulated by an extensionof the analysis of Res
igno, Baerts
hy and M
Curdy [45℄.An important pra
ti
al 
onsequen
e of Eq. (8) is thatusing Green's theorem it 
an be transformed into a sur-fa
e integral that is easier to 
ompute and that depends



4only on the asymptoti
 form of the s
attered wave fun
-tion. That fa
t was exploited by Pont and Shakeshaft[23℄ and has been used extensively in 
al
ulations onele
tron-impa
t ionization using exterior 
omplex s
aling[27, 28, 30, 44, 45℄. We will make use of this importantproperty of Eq. (8) in our derivation below of the work-ing equations for the present 
al
ulations.The next question we must answer in order to do apra
ti
al 
al
ulation is how to de�ne the partial waveamplitudes 
orresponding to Eq. (8) and how to expressthe triple di�erential 
ross se
tions and single di�erential
ross se
tions in terms of them. It is to that questionthat we now turn our attention.IV. REPRESENTATION OF 	s
In a 
al
ulation using the ECS B-spline approa
h wemake use of 
on�guration intera
tion (CI) representationof 	+s
 of the form	+s
 = Xn;m;l1<l2 Cnl1;ml2�n;l1;m;l2 (19)where Cnl1;ml2 are the CI 
oeÆ
ients. The B-spline 
al-
ulation has 
on�gurations de�ned by (total angular mo-mentum L with upper/lower sign 
orresponding to sin-glet/triplet spin 
oupling)�n;l1;m;l2 = 1p2 1r1r2 �'n;l1(r1)'m;l2(r2)YL;Ml1;l2 (
1;
2)�'m;l2(r1)'n;l1(r2)YL;Ml2 ;l1 (
1;
2)�(�(1)�(2) � �(1)�(2)) =p2 (20)where r�1'n;l(r) denotes a normalized radial \orbital"asso
iated with the indi
es nl.If the initial state is 1S, and is therefore spheri
allysymmetri
, and the polizarization is linear, we 
an 
hooseany axis to 
oin
ide with the polarization ve
tor �. If we
hoose that to be the z axis, then the �nal state musthave the symmetry 1P0, where M = 0 
orresponds tothe z axis, be
ause the dipole operator, for example inthe length representation, � � r, transforms with Y1;0(r̂).So for the 
ase of double ionization of the helium groundstate we have L = 1 and M = 0 in Eq. (20).Thus we have written the s
attered wave fun
tion inthe form	+s
 = Xl1<l2 � dirl1;l2(r1; r2)YL;Ml1;l2 (
1;
2)� ex
hl1;l2 (r1; r2)YL;Ml2;l1 (
1;
2)� (21)As we will see below, it is useful to visualize the partialwave radial wave fun
tions,  l1;l2(r1; r2), in this equation.

The 
oupled spheri
al harmoni
s are de�ned byYL;Ml1;l2 (
1;
2) =Xm1;m2 (l1m1l2m2jl1l2LM)Yl1;m1(
1)Yl2;m2(
2) (22)using the notation of Edmonds [46℄ for the ve
tor 
ou-pling 
oeÆ
ients. In terms of 3-j symbols these fun
tionsareYL;Ml1;l2 (
1;
2) =Xm1;m2(�1)l2�l1�M (2L+ 1)1=2� l1 l2 Lm1 m2 �M �Yl1;m1(
1)Yl2;m2(
2)(23)and we will use their properties in deriving the expres-sions for the TDCS below.V. PARTIAL WAVE ANALYSIS OF THEDOUBLE IONIZATION AMPLITUDEA. The ionization amplitude and the tripledi�erential 
ross se
tionAs mentioned above, it is most e�e
tive in appli
ationsof the ECS approa
h to 
omputing breakup amplitudesto formulate the amplitudes as surfa
e integrals takenover a volume just inside the exterior s
aling radius R0.To get those working equations we now need to expli
itlyevaluate the integral expression for the double ionizationamplitudef(k1;k2) =D�(�)(k1; r1)�(�)(k2; r2)jE � T � V1j	+s
E (24)where �(�)(k; r) denotes a Coulomb fun
tion with mo-mentum normalization and nu
lear 
harge Z = 2. Thatfun
tion is related to the one with outgoing boundary
onditions by �(�)(k; r) = ��(+)(�k; r)��, and its par-tial wave expansion is given by [47℄�(�)(k; r) = � 2��1=2Xl;m ile�i�lkr �(
)kl (r)Ylm(r̂)Y �lm(k̂)(25)where �l = arg�(l + 1� iZ=k) (26)and the asymptoti
 form of the radial Coulomb fun
tionthat de�nes its normalization is�(
)kl (r)! sin(kr + Zk ln 2kr � �l2 + �l) (27)



5Now we 
an substitute Eq.(25) and Eq.(19) [using Eq.(20)℄ into Eq.(24) to get the working equation for theionization amplitude, f(k1;k2), in terms of dire
t andex
hange partial-wave amplitudes:f(k1;k2) = Xl1<l2i�(l1+l2)�ei�l1 (k1)+i�l2 (k2)Fdirl1l2k1k2YL;Ml1;l2 (k̂1; k̂2)�ei�l1 (k2)+i�l2 (k1)Fex
hl1l2k1k2YL;Ml2;l1 (k̂1; k̂2)�(28)The double ionization amplitude has two 
ontribu-tions, one from the dire
t part and one from the ex
hangepart of ea
h of the CI 
on�gurations in Eq.(20). Notethat the li indi
es are reversed in the 
oupled spher-i
al harmoni
 in the ex
hange 
ontribution and thatthe k's and l's appear paired di�erently in the dire
tand ex
hange 
ontributions. The algebra that leads upto Eq.(28) involves �rst doing the angular integrations,whi
h pi
k out the 
ontributions to the 
oupled spheri
alharmoni
s in Eq.(20). The ve
tor 
oupling 
oeÆ
ientsare used to re
ombine the resulting terms to give 
ou-pled spheri
al harmoni
s that are fun
tion of the anglesof eje
tion 
orresponding to the two momenta, k1 and k2.The other phase fa
tors 
ome from the two expansions ofthe Coulomb fun
tions using Eq.(25).De�ning the one-ele
tron radial Hamiltonians ashi = �12 d2dr2i + l(l+ 1)2r2i � 2ri (29)the partial wave amplitudes in Eq.(28) are then given byFdirl1l2k1k2 = 2� 1k1k2 1p2Xn;mCnl1;ml2D�(
)k1l1�(
)k2l2 jE � h1 � h2j'n;l1'm;l2E= 2� 1k1k2 1p2Xn;mCnl1;ml2Z dr1dr2�(
)k1l1(r1)�(
)k2l2(r2)(E � h1 � h2)'n;l1(r1)'m;l2(r2) (30)
and Fex
hl1l2k1k2 = 2� 1k1k2 1p2Xn;mCnl1;ml2D�(
)k1l2�(
)k2l1 jE � h1 � h2j'm;l2'n;l1E= 2� 1k1k2 1p2Xn;mCnl1;ml2Z dr1dr2�(
)k1l2(r1)�(
)k2l1(r2)(E � h1 � h2)'m;l2(r1)'n;l1(r2) (31)

The \two-potential" formulas of Eq.(30) and Eq.(31)also have an equivalent surfa
e integral representation ofthe partial-wave amplitudes, whi
h appears upon the ap-pli
ation of Green's theorem. By using the hyperspheri-
al 
oordinates de�ned in Eq. (6), we 
an write ea
h ofthem as an integral over a \surfa
e" with � = �0, whi
hde�nes the volume in r1 and r2 for the integrationD�(
)k1l1�(
)k2l2 jE � h1 � h2j'n;l1'm;l2E =�02 Z �=20 ��(
)k1l1(r1)�(
)k2l2(r2) ���'n;l1(r1)'m;l2(r2)�'n;l1(r1)'m;l2(r2) ����(
)k1l1(r1)�(
)k2l2(r2)� ������=�0d� (32)andD�(
)k1l2�(
)k2l1 jE � h1 � h2j'm;l2'n;l1E =�02 Z �=20 ��(
)k1l2(r1)�(
)k2l1(r2) ���'m;l2(r1)'n;l1(r2)�'m;l2(r1)'n;l1(r2) ����(
)k1l2(r1)�(
)k2l1(r2)� ������=�0d� (33)This representation makes it obvious that Eq.(24) andEq.(28) depend only on the asymptoti
 form of 	+s
. In apra
ti
al 
al
ulation we 
hoose �0 to be just inside (a fewtenths of a Bohr radius) R0. The working equations withwhi
h we will 
ompute the double ionization amplitudesare thus Eqs.(32-33) together with Eq.(28). The TDCSis then given by Eq.(14)B. The singly di�erential 
ross se
tionThe 
oupled spheri
al harmoni
s in Eq.(28) are or-thornormal. Sin
e the singly di�erential 
ross se
tion isthe integral of the TDCS in Eq. (14) over 
1 and 
2,it simpli�es be
ause of the orthonormality of the 
ou-pled spheri
al harmoni
s. The result is that the singlydi�erential 
ross se
tion (SDCS) is simplyd�dE1 = 4�2!
 k1k2Xl1l2 ���Fdirl1l2k1k2��2 + ��Fex
hl1l2k1k2 ��2� (34)and the phase fa
tors in Eq.(28) do not play a role in its
omputation.The total 
ross se
tion for double ionization is then�ion = Z E0 d�dE1 dE1 (35)although the integral 
ross se
tion is frequently de�nedas the integral over half this interval, whi
h requires ade�nition of the singly di�erential 
ross se
tion asd~�dE1 = 2 d�dE1 (36)
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FIG. 2: TDCS for both length gauge (dashed 
urves) and ve-lo
ity gauge (dark solid 
urves) for 
omputational grids hav-ing R0 = 26 a0; 30 a0; 35 a0. Light solid 
urve shows 
al
ula-tion in
luding another double 
ontinuum, l1; l2 = 4; 5.so that �ion = Z E=20 d~�dE1 dE1 (37)Eq. (37) is, in fa
t, the 
onvention used in this paper.VI. CALCULATED CROSS SECTIONS FORDOUBLE PHOTOIONIZATION OF HELIUMThe �rst requirement of a

urate 
al
ulations of doublephotoionization 
ross se
tions is an a

urate des
riptionof the ground state of the atom, be
ause double ioniza-tion 
ross se
tions are largely determined by 
orrelatione�e
ts in the initial state. For the ground state in these
al
ulation we used 
on�gurations 
ontaining orbital an-gular momenta up to l = 4. The initial state is des
ribedby a CI wave fun
tion made up of Slater type orbitalswith exponents of 2.4, 3.6, 4.8, 6.0 and 6.8 for l = 0; :::; 4respe
tively, to give a total of 115 
on�gurations. TheseSlater orbitals are expanded in the same B-spline basisdes
ribed below. The ground state energy given by this
al
ulation is �2:903198 hartree 
ompared to the exa
tvalue [48℄ of �2:903724 hartree and is thus 
lose to thel = 4 limit for the energy of the initial state.For the �nal double 
ontinuum wave fun
tion, 	+s
, wehave performed 
al
ulations with a variety of B-splinebasis sets and in
luded various numbers of partial wavesfor the double 
ontinuum. In Fig. 2 we show, as anexample, the results of 
al
ulations in both the lengthand velo
ity gauges for the TDCS for a photon energyof 40 eV above the double ionization threshold. In that�gure we in
lude partial waves up to l = 4 and plot theresults of 
al
ulations with values of the turning point R0for the ECS 
ontour equal to 26 a0, 30 a0, and 35 a0. Wealso show a 
al
ulation in
luding up to l = 5 in the �nalstate for R0 = 30 a0. All 
al
ulations in Fig. 2 make

use of 53 B-splines for ea
h partial wave. The level ofstability exhibited in Fig. 2 strongly suggests that these
al
ulations are 
onverged with respe
t to the 
omputa-tional parameters of the B-spline basis and partial waveexpansion.These 
al
ulations require mu
h smaller values of R0,and therefore smaller basis sets, than do 
al
ulations ofele
tron impa
t ionization of hydrogen, for whi
h a valueof R0 near 100 a0 is ne
essary. We spe
ulate that thereason for this behavior is that the �nal state of the dou-ble photoionization pro
ess in helium is more stronglydominated by the nu
lear attra
tion potential. The fa
tthat this intera
tion is in
luded in the Coulomb fun
tionsof the \two-potential" integral expressions, Eqs.(32-33),with whi
h we evaluate the amplitudes, allows them tobe 
omputed as a surfa
e integral at values of the hyper-radius 
orresponding to the point where that intera
tionbegins to dominate the behavior of the outgoing wave.All the results that we 
ompare with experiment belowwere 
omputed using a 
omputational grid with 47 B-spline knot points over the �rst 42:0 a0, and 6 additionalknot points on the remaining 
omplex 
ontour out toRmax = 80 a0. The turning point, R0, of the ECS 
ontourwas 35:0 a0. The angular momentum expansion in
ludedl values up to lmax = 4, giving us 
ontributions fromthe kskp, kpkd, kdkf , and kfkg double 
ontinua. Usingthese 53 B-splines and 4 double 
ontinua, we have a totalof 11,236 
on�gurations in the CI representation of 	+s
.All the results we present below were 
omputed in thevelo
ity gauge, although as Fig. 2 indi
ates, the resultsin the length gauge are essentially the same.The 
omponents of 	+s
 de�ned in Eq.(21) reveal mu
hof the dynami
s of the photoionization pro
ess at aglan
e. The �rst three of them, the kskp, kpkd and kdkf
ontributions, are plotted in Fig. 3 for a photon energy20 eV above the double ionization threshold. These plotsshow only the dire
t 
ontribution and are thus not sym-metri
 under inter
hange of r1 and r2. In the �rst ofthem we see the single ionization 
ontribution as an out-going wave parallel to the r2 axis and 
on�ned to smallr1. The kskp 
ontribution also displays the outgoingwaves for double ionization as wave fronts at 
onstanthyperradius. For the higher angular 
omponents the rel-ative importan
e of single ionization de
reases sin
e itpro
eeds through higher ionization thresholds; thus theoutgoing double ionization wave fronts are more appar-ent. As l1 and l2 in
rease the wave fun
tion 
omponentsrapidly de
rease in magnitude as 
an be seen in the kpkd
ontribution.The SDCS for 20 eV is 
ompared with experiment [1℄and with the 
al
ulations of Colgan et al. [22℄ in Fig.4. The agreement between these two 
al
ulations is verygood. The partial wave 
ontributions are also shown anddemonstrate how the SDCS 
onverges with in
lusion ofhigher l values. The details of the TDCS, however, arenaturally more sensitive to the higher angular momenta.Bra�uning et al. [2℄ have measured absolute TDCS'sfor a photon energy of 20 eV above threshold. These
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FIG. 3: Real part of of dire
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ontribution to the wave fun
-tion at 20 eV. The panels from top to bottom show the 
on-tributions from the kskp, kpkd, and kdkf partial waves.
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urve: Present result.measurements provide a rigorous test of the theoreti
aldes
ription of the double photoionization pro
ess and,thus, we begin by presenting results at this photon en-ergy. Fig. 5 shows a 
omparison between our results andthe experimental ones for �1 = 00, i.e. for the 
ase inwhi
h the �rst ele
tron exits parallel to the polarizationaxis. The agreement is very good. The �gure also
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ludes results from previous theoreti
al 
al
ulations,namely results from the Time-Dependent Close-Couplingmethod of Colgan (TD-CC) et al. [22℄ and the Hyper-spheri
al R-Matrix method with Semi
lassi
al OutgoingWaves (HRM-SOW) method of Selles et al. [20℄. Al-though the general agreement between di�erent theoret-i
al results is good, there are signi�
ant dis
repan
ieswhen the two ele
trons es
ape \ba
k-to-ba
k" in dire
-tions 
olinear with the polarization ve
tor. This geom-etry, whi
h we might 
all the \Wannier geometry" be-
ause it is the geometry that dominates at threshold forele
tron-impa
t ionization, is the one that requires themost partial waves and densest basis to 
onverge in thepresent 
al
ulations. Our results are 
loser to those ofthe TD-CC method.For other geometries the agreement between variousab initio 
al
ulations is mu
h better, and for them es-sentially identi
al results are obtained at 20 eV by ECS,TD-CC and HRM-SOW methods. As an illustration,Fig. 6 shows a 
omparison for equal energy sharing anddi�erent values of �1. A similar agreement between the-oreti
al results from these three methods is found at allthe other geometries reported here for 20 eV.In Fig. 7 we 
ompare the ECS results for unequal en-ergy sharings with the absolute experimental determina-tions of Bra�uning et al. for �1 = 600 and �1 = 900. Fig.8 shows a similar 
omparison for all the energy sharings

measured by Bra�uning et al. at 20 eV and �1 = 300. Verygood agreement is obtained in all 
ases.These experiments and essentially all others on thissystem were performed in \
oplanar geometry", that is,with the polarization ve
tor and both momenta k1 andk2 lying in the same plane. To provide an overall visu-alization of the double ionization pro
ess, we have alsoevaluated TDCS's for out-of-plane geometries. In Fig. 9we show two three-dimensional views of the TDCS for aphoton energy of 20 eV above threshold that 
orrespondto two panels of Fig. 8. In the �rst one we see thee�e
ts on the three-dimensional TDCS of the sele
tionrule for equal energy sharing that prevents the ele
tronsfrom exiting in opposite dire
tions [12℄. The sele
tionrule is more apparent in three dimensions than in Fig. 8.In the se
ond 
ase, for strongly unequal energy sharing(E1 = 3 eV and E2 = 17 eV), we see that the sele
tionrule does not apply and a lobe appears in the TDCS
orresponding to emission of the se
ond ele
tron in theopposite dire
tion to the �rst, lower energy ele
tron.We now turn to the 
ase of 40 eV for whi
h the experi-ments of Bologonesi et al. [49℄ and those of Cvejanovi�
 etal. [50℄ provide only relative values of the 
ross se
tions.In ea
h 
ase the reported TDCS for di�erent energy shar-ings and angles are internormalized within the experi-ment. So we have two separate sets of internormalizedresults with whi
h to 
ompare. Theoreti
al 
al
ulations
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t absolute values for 
ross se
tions. Therefore, weadhere here to the prin
iple that no s
aling of any theo-reti
al TDCS predi
tions should be made when 
ompar-ing them with experiment. To do otherwise would bemisleading, espe
ially when there are several theoreti
alpredi
tions to be 
ompared with the same experimental
ross se
tion.In Fig. 10 we 
ompare with the experimental resultsof Bolognesi et al. [49℄ and the results of CCC 
al
ula-tions in
luded in the same referen
e for an energy shar-ing E1 = 5 eV and E2 = 35 eV, and �1 varying from 00to 600. We have normalized the relative experimental
ross se
tions to our 
omputed TDCS at �1 = 600 and�2 = 300 for this energy sharing, thereby �xing the nor-malization of the experiment in Fig. 10 as well as in Fig.11 where we 
ompare with 
omplementary sets of exper-imental data for E1 = 35 eV and E2 = 5 eV. The resultsof CCC 
al
ulations from referen
e [49℄ are also shownin those �gures with no s
aling. Although both theoret-i
al results generally reprodu
e the shapes of these sixTDCS plots, there remain signi�
ant di�eren
es betweenthe theories and between the theories and the experi-ment. The CCC results are signi�
antly smaller thanthe ECS results for �1 = 600 and 300 in both �gures.Nonetheless both theories suggest, as was originally sug-gested in referen
e [49℄, that the internormalization of theexperiment for E1 = 5 eV and �1 = 300 and 00 may be

suspe
t. The ECS results, however seem to be in betteroverall agreement with the results of this experiment.Turning to the experiments of Cvejanovi�
 et al. [50℄ fora photon energy of 40 eV above threshold and E1 = 5 eV,we again normalize the relative 
ross se
tions to our 
om-puted TDCS value at one point, namely �1 = 1300 and�2 = 2500, thereby determining the normalization of allsix TDCS plots in Figs. 12 and 13. In these �gures wealso plot the CCC results of referen
e [51℄. Again, whilethe overall shapes of the 
ross se
tions are very similarand there is general quantitative agreement, some sig-ni�
ant di�eren
es 
an be seen between the ECS andCCC 
omputed results. Overall the CCC results seem tobe in better agreement with this experiment, althoughboth theoreti
al 
al
ulations di�er from the experimentsystemati
ally. Those di�eren
es are parti
ularly pro-noun
ed for the \Wannier geometry" where the ele
tronsgo out in opposite dire
tions 
olinear with the polariza-tion axis. VII. CONCLUSIONWe have evaluated triply di�erential 
ross se
tions(TDCS) for double photoionization of helium using a re-
ent implementation of exterior 
omplex s
aling (ECS)with B-splines basis fun
tions. This implementation



11takes advantage of existing B-spline 
odes for atomi
 two-ele
tron systems as well as of all the ECS te
hnology de-veloped to evaluate TDCS's in ele
tron impa
t ionizationproblems. Details of the most important modi�
ationsin the 
urrent B-spline 
odes have been published else-where [34℄, while the link with the double photoionizationproblem has been presented in detail in this paper. Thepower of the ECS-B-spline approa
h resides in its abil-ity to provide 
onverged results to any desired a

ura
ywithout losing the possibility to work with atomi
 or-bitals as in traditional basis sets expansions. This is avery important feature that allows one to redu
e the sizeof the 
al
ulations without loosing a

ura
y and, there-fore, it will be very 
onvenient for future appli
ations tomore 
ompli
ated systems su
h as diatomi
 mole
ules.Appli
ation of this methodology to the evaluation ofTDCS in double photoionization of helium has shownthat 
onverged results are obtained with a moderatenumber of basis fun
tions and partial waves. Our resultsfor a photon energy of 20 eV above threshold are in verygood agreement with absolute measurements of Brauninget al. for all the 
oplanar geometries and energy sharingsinvestigated here. There is also general good agreementwith previous theoreti
al results obtained with the TD-CC and HRM-SOW methods, although some dis
repan-
ies exist for unequal energy sharing when the two ele
-trons es
ape in oposite dire
tions. At this photon energy,we have also presented a few results for three-dimensional(non-
oplanar) geometries for whi
h previous experimen-

tal or theoreti
al results do not exist.Similar 
on
lusions have been obtained for a photonenergy of 40 eV above threshold, although, in this 
ase,the di�eren
es between the present results and those froma previous CCC 
al
ulation are signi�
antly larger andthese di�eren
es are not 
on�ned to geometries where theele
trons es
ape in oposite dire
tions.A
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FIG. 9: Three dimensional TDCS plots for 20 eV. Lighterverti
al arrrow pointing downward is the photon polarizationdire
tion to whi
h all angles refer. Darker arrow representsthe dire
tion of one eje
ted ele
tron, �1 = 300. The surfa
eshows the angular eje
tion distribution of the se
ond ele
-tron, for the 
ase of equal energy sharing, E1 = E2 = 10 eV(top panel), and unequal energy sharing, E1 = 3 eV (bottompanel).
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FIG. 10: TDCS for photon energy 40 eV above threshold, inthe unequal energy sharing of E1 = 5 eV and E2 = 35 eV atvarious values of �1 of the 5 eV ele
tron. Cir
les and dashed
urve: experiment and CCC 
al
ulation of Ref. [49℄. Thi
ksolid 
urve: Present result.
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FIG. 11: TDCS for photon energy 40 eV above threshold, inthe unequal energy sharing of E1 = 35 eV and E2 = 5 eV atvarious �1 of the 35 eV ele
tron. Cir
les and dashed 
urve:experiment and CCC 
al
ulation of Ref. [49℄. Thi
k solid
urve: Present result.
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FIG. 12: TDCS for photon energy 40 eV above threshold, inthe unequal energy sharing of E1 = 5 eV and E2 = 35 eV atvarious �1 of the 5 eV ele
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ksolid 
urve: Present result.
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